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Assuming that charge carriers form a Fermi liquid state, we study a model for layered 
high-temperature superconductors with unretarded intralayer and interlayer pairing. 
Guided by band structure calculations and inverse photoemission experiments, we adopt 
a tight binding band with nearest and next-nearest neighbors hopping within the sheets 
and weak interlayer hopping. The gap equations are solved numerically, without imposing 
a cutoff energy, characteristic to phonon mediated superconductivity. On this basis we 
calculate the gap parameters, T~, the tunneling conductance, infrared absorption and 
the coherence length for various band fillings p=l/2-x by introducing excess holes 
of concentration x. Assuming the interlayer coupling strength to be smaller than the 
intralayer one, our main results are as follows: T~ is dominated by the intralayer proper- 
ties, reaching a maximum at x ~ 0.3, where strong coupling features appear. In the pres- 
ence of interlayer pairing, the gap becomes anisotropic perpendicular to the layers, and 
standard BCS-behavior is modified. In particular the BCS-square root singularity in 
the density of states and in the tunneling conductance is replaced by van Hove singulari- 
ties characterizing the anisotropic gap. In particular, we investigate the anisotropy of 
the tunneling conductance for specular and diffuse tunneling for a junction parallel or 
perpendicular to the layers, infrared absorption, as well as the coherence l ngth, parallel 
and perpendicular to the layers. 
1. Introduction 
There is considerable evidence that the 
Xo, Ca,_ ~Ba2CunO2( n +1)+,, families (X = T1, Bi) [i-5] 
of high-temperature superconductors are highly an- 
isotropic compounds [6 7]. Their properties clearly 
reveal ayered behavior. In fact the zero temperature 
correlation length, perpendicular to the layers, ap- 
pears to be smaller than the mean spacing. Conse- 
quently, viewing them as anisotropic superconductors 
is not sufficient. Such a treatment is valid only when 
the order parameter varies slowly on the scale of the 
layer separation, which limits the applicability to a 
small range of temperatures near the transition tem- 
perature. 
Recently, we presented a model [6-8], treating 
these compounds as layered superconductors and al- 
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lowing inequivalent layers and couplings within a unit 
cell. In the mean-field approximation the interlayer 
coupling, mediated by a small hopping term, was 
found to leave T~ unaffected. Thus, a three-dimension- 
al pairing mechanism with high cutoff energy was 
required to explain the observed ependence of T~ 
on the average layer spacing. Here we adopt and ex- 
tend this model. We assume the existence of Fermi 
liquid states described by a tight binding band result- 
ing from intralayer hopping between nearest and 
next-nearest neighbors and weak next-nearest neigh- 
bor interlayer hopping. Both intra- and interlayer 
pairing interactions are assumed to be nonretarded 
and parametrized in terms of coupling constants. 
Thus the model differs markedly from the standard 
BCS-picture [9], where a low energy cutoff, originat- 
ing from the phonon mediated pairing interaction, 
is introduced. In fact, for pairing interactions with 
high or no cutoff energy, the entire band is subject 
to pairing. The presence of interlayer pairing leads 
to an anisotropic gap. Accordingly, the interpretation 
of experimental data based on conventional BCS-ex- 
pressions might not be appropriate. 
In this paper we concentrate on systems with one 
CuO2 layer per unit cell, such as Bi2Ba2CuO6, 
T12BazCuO 6or T1BaCuOs, adopting a realistic band 
structure for the valence band. Guided by band struc- 
ture calculations [10] and photoemission experiments 
[11-13], we invoke a tight binding band for 0-derived 
states in the CuOz-layers, including nearest and next- 
nearest neighbor hopping within the layers and a 
small hopping term between adjacent sheets. Starting 
from a half-filled band, the filling is reduced via excess 
holes introduced by doping or charge transfer from 
BiO or T10 layers. The effective pairing interaction 
is parametrized in terms of the intralayer and inter- 
layer coupling constants go and gl- We assume go 
> [gl[ to obtain a nodeless gap. Its anisotropy is then 
entirely due to the interlayer pairing interaction. Our 
previous analysis [6-8] of T~ versus interlayer spacing 
revealed that the pairing is of three-demensional - 
ture and caused by a nonretarded interaction. Thus, 
in solving the gap equation we do not impose an 
energy cutoff. This is just the opposite of the phonon- 
induced interaction, where the excitation energy is 
small compared to the Fermi energy. On this basis, 
the gap equation is solved numerically, to obtain esti- 
mates for the gap parameters and T~ as a function 
of band filling. These estimates are then used to calcu- 
late the density of states, the tunneling I-V-character- 
istic, as well as the real part of the conductivity, rele- 
vant for infrared absorption, to explore the implica- 
tions of gap anisotropy, stemming from the interlayer 
interaction. Here we concentrate on the zero tempera- 
ture behavior; finite temperature properties will be 
treated in a forthcoming paper [14]. 
The anisotropy of the gap and the absence of a 
low energy cutoff requires that both tunneling current 
and conductivity must be treated beyond standard 
BCS and other approximations [9], where the tunnel- 
ing matrix element is assumed to be constant for 
states close to the Fermi surface and the current oper- 
ator in the conductivity is described by the free parti- 
cle expression. Here we adopt the tight binding ex- 
pression for the current and consider specular and 
diffuse tunneling for tunneling current parallel or per- 
pendicular to the layers. Due to the anisotropy of 
the gap and the absence of a low energy cutoff, new 
features occur, which should be searched for experi- 
mentally in high-quality single crystals. Such experi- 
ments should yield important clues on the pairing 
mechanism and the electronic states involved in su- 
perconductivity. 
In Sect. 2 we sketch the model, the gap equation 
and its linearized version used to determine T~. We 
also derive the weak coupling solution, the basic ex- 
pressions for the tunneling current and the real part 
of the conductivity. In evaluating the tunneling cur- 
rent we consider three model situations: constant tun- 
neling matrix element, specular and diffuse tunneling. 
In the specular case, the tunneling current is found 
to depend sensitively on the orientation of the inter- 
face with respect to the layers. Moreover, the an- 
isotropy of the gap substantially modifies the stan- 
dard 13CS-behavior of the conductance. At normal 
incidence infrared absorption can be expressed in 
terms of the real part of the conductivity. It depends 
on the polarization of the incoming radiation, as well 
as on the orientation of this wavevector with respect 
to the layers. Thus, anisotropic behavior can be ex- 
pected. Finally we consider the coherence length in 
the ground state. It is obtained from the correlation 
function of two quasiparticles whose spins are anti- 
parallel. The anisotropy of the coherence length re- 
flects the ratio of the couplings between and within 
the layers. 
In Sect. 3, we present and discuss our numerical 
results. For the half-filled band and go>lgl[, T~ is 
rather insensitive to the specific gl-value. The zero 
temperature gap, however, becomes anisotropic per- 
pendicular to the layers for any finite gl, but remains 
nodeless. It varies between a minimum and maximum 
value. Thus the standard BCS-result 2A/knT~3.52 
no longer applies, although the weak coupling solu- 
tion of the gap equation represents an excellent ap- 
proximation. In the presence of interlayer pairing, the 
density of states differs markedly from the standard 
BCS-behavior. Due to the anisotropy it becomes non- 
zero for energies exceeding the minimum value of the 
gap and exhibits peak features, characterizing the an- 
isotropy. Similarly, the tunneling conductance is 
heavily affected by the anisotropy of the gap. It differs 
from zero for voltages exceeding the minimum gap 
value. Moreover, the assumption of a constant tunnel- 
ing matrix element is not justified for reasonable 
values of junction parameters. In fact the conduc- 
tances in the specular and diffuse limits depend sensi- 
tively on the orientation of the junction with respect 
to the layers. This offers the possibility to clarify the 
presence of interlayer pairing experimentally. Similar- 
ly, for an anisotropic gap, the real part of the conduc- 
tivity, related to infrared absorption, also differs from 
the standard BCS-behavior. In fact absorption sets 
in for frequencies exceeding twice the minimum gap. 
Thus estimates for 2Ami~/kBT~ can be obtained from 
the onset of absorption. Furthermore infrared absorp- 
tion strongly depends on the polarization of the in- 
coming light and the orientation of the light wavevec- 
tor. 
We also evaluated T~ as a function of hole concen- 
tration x. A maximum is found for x ~ 0.3. Moreover, 
the weak coupling solution ceases to be adequate with 
increasing x. Concentrating on x=0.25, T~ is not 
strongly affected by the interlayer pairing interaction 
unless go ~ Ig,I. This also applies to the gap, because 
the isotropic part dominates. Nevertheless the small 
anisotropic part affects the density of states and the 
tunneling conductance, while the influence on the real 
part of the conductivity, remains small. Accordingly, 
the effects of the interlayer pairing interaction (go 
< Igl 1) become smaller with increasing hole concen- 
tration x. Finally, the coherence length mirrors the 
strong anisotropy of the ratio between the band 
widths within and perpendicular to the layers. For 
p= 1/2 we obtain ~o=/~o~0.05 s/a, while a smaller 
anisotropy is obtained for p = 1/4, namely 0.2 s/a. a 
is the lattice constant within the layers and s denotes 
the layer spacing. These values are within the range 
of estimates obtained from upper critical field mea- 
surements. 
In summary, our model seems to include the es- 
sential ingredients to describe the superconducting 
properties of layered high-temperature superconduc- 
tors. It should be kept in mind, however, that we 
considered the special case of one layer per unit cell. 
Summary and conclusions are presented in Sect. 4. 
2. Model 
We consider the Hamiltonian 
= ~0 -1- J~int, (1) 
where 
+ C + ~)~0= Z [ '~(k l l )gk l lna k l lna - - t (ck l lnaCk l ln+l~+C'C ' ) ] '  
~" "~ (2) 
describes the quasiparticle O-derived band, including 
the interlayer hopping of strength t.n labels the layers, 
kll the wavevector within the layers and a the spin. 
Guided by recent band structure calculations [-10] 
and angular resolved photoemission experiments 
[11], we adopt the tight binding band 
e (k) = A [--- 2 (cos (IG a) + cos (ky a)) 
+4Bcos(k~a)cos(kya)-2Ccos(k=s)--#]. (3) 
a is the lattice constant of the square lattice within 
the layers and s the spacing between them9 -2A  rep- 
resents the nearest neighbor hopping matrix element, 
4AB the next-nearest neighbor one, and AC= t. 
There is considerable vidence that superconduc- 
tivity in the Cu-O based superconductors is correlated 
with the concentration of O2p-holes in the originally 
half-filled valence band [11, 12]. Thus, we also consid- 
er fillings p = 1 /2 -x ,  where x corresponds to the con- 
centration of excess holes. Following Ref. 10 we adopt 
B=0.45 and according to the observed dispersion 
[11], we take A=0.153 eV to fix our energy scale. 
For p = 1/2 the Fermi surface cross section in the x, y- 
plane is a rounded square, while it is a corrugated 
cylinder perpendicular to the layers. The corrugation 
comes from the interlayer hopping term t in (2). For 
lower filling, the Fermi surface becomes more compli- 
cated and open for certain k~-values. 
For fixed filling p, # = E f is given by 
1 
P =~5- ~ (e~{k) + 1)- t, (4) 
k 
N is the number of sites. A fully filled band, where 
p = 1, corresponds to one quasiparticle of given spin 
per site. For the pairing interaction we assume 
Win,= Y~ C + C + - -  gnm k[ina -kl l  +k ' l lm-a  
k tl kil k'll 
nraa 
9 C--kl I +kirm_o-Ck,llng. , (5) 
where 
g.., = go 6.,. +gl  (b~,,.- 1 + 6..,. + 1). (6) 
go is the strength of the intralayer interaction, while 
the second term describes the interlayer interaction. 
Assuming singlet pairing the gap equation reads 
[9], 
d (k•189 V(q• --k• A (qz) 
q 
where 
V(q• = go + 2 g 1 cos (q• s), 
E (q) = (e2 (q) + A 2 (q• 




The isotropic term in the gap stems from the constant 
intralayer interaction go, while the anisotropic term 
is due to the interlayer contribution. Substituting (8) 
and (10) into (7), we obtain for A 0 and A t the nonlin- 
ear equations 
Ao =~2P- (Ao fo + 2A t A), 
gt (AoA + 2A~f2) ' A~= 7 
(11) 
where 
<#'  ) fn = ~ (cos (q• s))" E~ tanh 
q 
02)  
In solving these equation, we do not impose a low 
energy cutoff. This differs from the standard BCS- 
treatment, where the phonon energies are small com- 
pared to the Fermi energy. Here we assume pairing 
caused by a high-energy, non-retarded interaction. At 
T~, where the gap vanishes, f, reduces to 
f ,=2 (cos(qls)) e(q) tanh . (13) 
q 
T~ is then given by the highest emperature for which 
(1 -~fo) (1 -g l f z ) -  89  (14) 
Because the only dependence on q• comes from the 
interlayer hopping term with strength t (2), which is 
small compared to the bandwidth within the layers 
21tl 
- -<~ 1, (15) 
we expect 
f l~0;  f2~l fo  (16) 
to hold. T~ then follows from (14) 
(1 --~qf0) (1 -- gl fo) ~ 0. (17) 
Thus for go>lgll, T~ is dominated by the intralayer 
pairing interaction, given by the solution of 
1 =~fo-  (18) 
to a good approximation. Far below T~ and in partic- 
ular at T=0, the full nonlinear equations (11) must 
be treated, where also the anisotropy of the gap 
enters. Here the interlayer interaction must be fully 
taken into account and leads to an anisotropic gap 
(10). 
To derive the weak coupling expression for T~, 
we rewrite (18) in the form 
1 ~y I dx2(3(x-e(k)) ~)  tanh 
eB k 
(19) 
~ 1 /~x 
= go ~ dx NN(x) -- tanh 9 
2 x 2 '  gB 
er, eB denote the top and bottom of the band and 
NN (x) = ~ (3 (x -- ~ (k)) (20) 
k 
is the density of states in the normal state. Assuming 
a slowly varying density of states and ricer, fic[~B[ ~> 1, 
the integral yields 
Tc~ 1.13 0 exp (NN(O)go) ,  (21) 
where kBO = (~r I~BI) 1/2" (22) 
This is the weak coupling solution of (18), valid for 
T~/0 ~ I. Comparison with the numerical solution of 
the full nonlinear equation for T~, will allow the cou- 
pling regime and the energy interval kB 0 where pair- 
ing effectively takes place to be determined. 
On the basis of the gap parameters Ao and A1 
it is now possible to calculate other properties of in- 
terest, including their temperature dependence. In 
these properties we hope to identify features due to 
the layered nature of the material, i.e. to estimate the 
parameters characterizing the pairing interaction and 
the band structure. As noted above, the pairing inter- 
action considered here is not cut off so that the entire 
band of the Fermi liquid states is allowed to partici- 
pate in the pairing. In this view, due to the presence 
of anisotropy, the density of states, the low-tempera- 
ture tunneling conductance and infrared absorption 
are expected to deviate substantially from the stan- 
dard BCS-behavior. Another important issue is how 
properties change with the band filling. 
In the superconducting state the density of states 
is given by 
Ns(E) = E (3(E-- 2(k) + 2(L)), (23) 
k 
and vanishes for E < Amin. 
Next we calculate the tunneling current between 
a normal metal and such a superconductor, since it 
is approximately related to the density of states in 
the superconducting state. According to the transfer 
Hamiltonian approach [15] valid for weak transmis- 
sion, the tunnel current at zero temperature is given 
by [9] 
I=  • 2 (1 e(k) ko -T- E~)  O(leVl-- E(k)) 
9 (3 (eN (P)-- eV _ E (k)), (24) 
where _ = sign (eV), k labels the wavevector on the 
superconducting side and p on the normal side. 8N(p) 
describes the conduction band on the N-side, which 
is assumed to have a constant density of states near 
the Fermi level. Tkp denotes the tunneling matrix ele- 
ment. As a first step, Tkp is assumed to be constant. 
The tunnel current hen reduces to 
_ e(k)\ I= +2~re[TI2NN(O)~ 1 +E~)  0(leVl--E(k)). (25) 
k \ 
NN(0) is the density of states at the Fermi level on 
the normal side. This simplification is justified in the 
standard isotropic BCS-model where due to the low 
energy cutoff, the variations of the tunneling matrix 
element Tkp in the relevant k-region remain small. 
In the usual isotropic ase, the e(k)/E(k)-term cancels9 
In our model, band structure and gap anisotropy are 
present. As a result, the tunneling current is expected 
to differ for a junction parallel or perpendicular to 
the layers. 
We consider two limiting cases, namely specular 
(coherent) and diffuse (incoherent) unneling [15]. For 
specular transmission, where a perfect junction be- 
tween the normal and superconducting sides is as- 
sumed, transverse momenta re conserved. The tun- 
neling matrix element is [15] 
IT~I2=p ~[ .  ~(p) ,~(k~- p~) D(~). (26) 
T and L label transverse and longitudinal compo- 
nents. P denotes a prefactor. The transverse compo- 
nent is parallel to the junction, while the longitudinal 
one is parallel to the tunnel current. In the WKB 
approximation D is given by 
D (EL) = exp [-- 2 i d x ]//-~- ( U (x)-- eL)]; (27) 
d denotes the width and U the height of the junction 
barrier measured from the Fermi level and er is the 
energy associated with the motion along x, which is 
parallel to the tunneling current. Concentrating on 
effects due to the anisotropic band structure, we as- 
sume a constant barrier height U(x)= U. We assume 
the energy eL in the junction to be given by the effec- 
tive mass expression 
h2k~ 
eL=e(k) 2m* " (28) 
Here we used conservation of energy and transverse 
momentum (kr=pr). Assuming a barrier height 
h2k2r the square root which is large compared to 2m~, 
in (27) can be expanded. The tunneling matrix element 
becomes approximately 
{Tkp[2=C ~ " ~e(P) 6(kr--pr)exp(-- L (29) 
with 
2_ hd / 2 ~U) .  (30) K-  - 2m~/~;  C=Pexp~- -  d V ~-  
In the estimates presented in Sect. 3, we adopted the 
following values d= 10 ~, m* =mo~ and U = 1 eV. To 
fix kr we used lattice constants a= s = 4/~. Substitu- 
tion into (24) yields for the tunneling current in the 
specular case 
,~l&(k)l [1- ~(k)\ I= +__2=ee ~I~L-L I-I +if(k)) O([eV[-E(k)) 
[ k~,~ 
(31) 
Here we neglected the dependence of the tunneling 
matrix element on the energy difference from the 
Fermi level. It should be kept in mind that L refers 
to the direction perpendicular to the junction, or par- 
allel to the tunneling current, while T denotes the 
direction parallel to the junction. Thus the tunneling 
current is expected to reflect the anisotropy of the 
gap, of one compares junctions parallel or perpendic- 
ular to the layers. Moreover, the differential conduc- 
tance, i.e. the derivative of the tunneling current with 
respect o the voltage V, is not simply related to the 
density of states of the superconductor, because the 
factor emphasizes small transverse momenta. 
As our second limit, we consider diffuse or inco- 
herent unneling appropriate for junctions with rough 
interfaces or internal disorder. Here the transverse 
wavevector components in (26) are no longer correlat- 
ed. Thus we take [15] 
[Tkp12=p ~ .  ~e(p)./~, (32) 
OKL opL 
where /5 denotes an average of the D-term (27). In 
this limit the tunneling current becomes 
0e(k) [1 -e (k ) \  
,=  +2 eNN(0)P/5 _ k I kL f t 
9 O( leV l - -E (k ) ) .  (33) 
In contrast o the specular case (31), the tunneling 
current will depend less on the orientation of the junc- 
tion with respect o the layers. Neglecting the gradient 
and the e/E terms, the conductance becomes propor- 
tional to the density of states in the superconductor, 
which reflects gap anisotropy. 
Finally we turn to the real part a~ of the conduc- 
tivity, which is related to infrared absorption. This 
quantity contains information on gap anisotropy. 
Since 0-1 is related to the current-current-correlation 
function, we need the tight-binding expression for the 
current-density operator, Following [-9] it is given by 
j(R,)=(-i)89 ~ t~RoEcn+~,~c,~-c,+ ,+o,~]. (34) 
6a 
n labels sites, 6 neighbors with position vectors Ro 
and to is the corresponding hopping matrix element 
of the Hamiltonian (2) 
t6=(nl~ln+6). (35) 
Fourier transformation yields 
j(q)--~Zk C;+q,~Cka9 sin((k~-q) gh)elq/2R619 
(36) 
According to the adopted band structure (3) we con- 
sider nearest neighbors and, within the planes, next- 
nearest neighbors as well9 This leads to 





9 cos( a)cos( a) 
a) 
9 s in (2  a) s in (~ a)] }, 
fy(k,q)=2aA{-sin((k,+~)a)cos(~a) 
9 
9 s in (~ a )s in (~ a)]}, 
f~(k, q)=2sA.C sin((kz+~) s)cos(~s). 
Here we adopted the notation introduced in (3) for 
the hopping matrix elements. For free electrons (37) 
reduces to 
fft~r q )=k+ q. 
Following [-9] the real part of the conductivity tensor 
then reads 
2e27c _
al~p(q, on)= m~2~ Lf,(P, q)f~(P, q) 
p 
9 3 (co -- E (p) -- E (p + q)) 
)< 2 2 (Vp Up+q--UpVpUp+qUp+q), 
where 
(38) 
v, =2 \ E(p)/' % = ~- ~p)}.  (39) 
Absorption requires O-l~fl(q, O)=#0 and involves 
the creation of pairs of quasiparticles at a minimum 
frequency of 2Amin. Due to the tensorial nature of 
o-1~ r and its q-dependence, absorption depends on 
light polarization and reflects gap and band structure 
anisotropy. In infrared absorption, although the ex- 
periment is done at one particular frequency, the 
wavevectors involved are determined by the bound- 
ary conditions and the parameters of the supercon- 
ductor. The simplest case is where the coherence 
length is much less than the penetration depth and 
co<2Ami n. Here o-1~ a vanishes for all q. Therefore 
there is no absorption and light is perfectly reflected. 
For o>Amin, absorption occurs, and the magnitude 
of the relevant wavevectors is smaller than the inverse 
penetration depth. 
The coherence length in the ground state can be 
obtained by considering the correlation function of 
two quasiparticles at position r~ and r 2, whose spins 
are antiparallel. It is given by [16] 
ik r 1V  A(k• e_ik.r. F(rl--r2)=F(r)=~'~ ukvke- " =~,  E(k) 
k 
(40) 
For a spherical Fermi surface and an isotropic gap, 
F(r) decays exponentially ~exp--(r/~o) for r<~ o 
h 2 k F 
where 40-  . In the anisotropic ase, we set r 
mA 
= (x, y, z) and estimate ~ox and r from the exponen- 
tial decay of the correlation function along x or z. 
Due to the assumption of weak interlayer hopping 
(15), the ratio ~od~ox will be small. 
3. Numerical results 
Half-filled band 
To explore the influence of the interlayer coupling 
on the gap and T~, we first consider the half-filled 
band. The value go = 1, together with gl --0, was cho- 
sen because these values yield a rather low Tc, namely 
kB T~ = 0.013 A, corresponding to T~ = 23 K. 
A=0.153 eV being the energy unit, introduced in (3). 
T~ can be raised by reducing the band filling p = 1/2 
-x  via excess holes of concentration x. The estimates 
listed in Table 1 reveal, in agreement with (17)-(19), 
that unless for go~lg~l, the interlayer pairing does 
not affect T~ very much, while the gap parameters 
and in turn the minimum and maximum values of 
the gap vary markedly. Thus, the conventional BCS- 
expression for an isotropic gap is no longer appli- 
cable. Even though the interlayer coupling does not 
affect T~ much, it is of course needed, together with 
the interlayer hopping, to establish 3-dimensional su- 
perconductivity. From Table 1 it is also seen that for 
g~ approaching go the interlayer pairing substantially 
increases T~. 
To identify the weak coupling regime we also cal- 
culated the gap for g l=0 for several go values. The 
Table 1. Numerical estimates for A 0, A t and T~ as obtained from 
(11) and (14) for p= 1/2, B=0.45, C=0.1 (3). Energies are in units 
of 0.153 eV, Ami n denotes the minimum and Am, x the maximum 
value of the gap 
2Amin 2Zlmax 
go gl Ao AI kBT~ 
kBT~ kBT~ 
1 --0.99 0.0232 0.00067 0.0131 3.34 3.75 
1 --0.9 0.0232 0.00063 0.0131 3.35 3.73 
1 --0.8 0.0232 0.00059 0.0131 3.36 3.72 
1 --0.6 0.0233 0.00049 0.0132 3.38 3.68 
1 --0.4 0.0233 0.00036 0.0132 3.42 3.64 
1 --0.2 0.0235 0.00020 0.0132 3.50 3.62 
1 0 0.0235 0 0.0133 3.53 3.53 
1 0.2 0.0236 --0.0003 0.0134 3.43 3.61 
1 0.4 0.0237 --0.0006 0.0135 3.33 3.69 
1 0.6 0.0239 --0.0013 0.0138 3.09 3.84 
1 0.8 0,0243 --0.0026 0.0146 2.62 4.04 
1 0.9 0.0244 --0.0039 0.0158 2.10 4.08 
1 0.99 0.0244 --0.0061 0.0186 1.32 3.92 
Table 2. Numerical estimates for Ao and T~ for gt=0,  B=0.45, C 
=0.1, as obtained from (11) and (14). NN(0)=0.18 is the density 
of states in the normal state at the Fermi energy Er = -0.891. Ener- 
gies are in units of 0.153 eV 
2Ao 1 
go A o kB Tc 
k~ T~ NN (0) go 
0.6 0.00051 0.00028 3.64 9.26 
0.8 0.0058 0.00330 3.52 6.94 
1.0 0,02380 0.01340 3.55 5.56 
1.2 0.06080 0.03440 3.53 4.63 
1.4 0.11900 0.06720 3.54 3.97 
1.5 0.15500 0.08760 3.54 3.70 
2.0 0.38400 0.21100 3.64 2.78 
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Fig. 1. in kBT~ versus 1/(NN(0) go) for the data listed in Table 2 
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Fig. 2. Density of states Nu(E) of the normal state for the band 
given by (3) with B=0.45, t=0.1. The arrows mark the Fermi ener- 
gies for p = 89 = -0.891) and p = 88 --1.76) 
results are summarized in Table 2 and Fig. 1 shows 
the plot of ln(kBT~) versus 1/(NN(0)go), revealing the 
presence of weak coupling (23), with a cutoff energy 
kB0~,3.28 (~5821K), which is comparable to the 
band width (1.16 eV) (Fig. 2) and thus large compared 
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Fig. 3. Density of states N~(E) of the superconducting state for A 0 
= 0.0244 and A ~ = 0, corresponding to the standard BCS-case. Ener- 
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Fig. 4. N~(E) for A o = 0.0244 and A 1 = -0.006, corresponding to the 
solution of (11) and (14) for p=l /2 ,  g0=l ,  g1=0.99 as listed in 
Table 1. The arrows mark the minimum (Ami.=0.0124) and the 
maximum (Am,x=0.0364) of the gap. Energies are in units of 
0.153 eV 
In Figs. 3 and 4 we depicted the density of states 
in the superconducting state to illustrate and contrast 
the cases of an isotropic and anisotropic gap. The 
isotropic case corresponds to the standard BCS-be- 
havior with a square root singularity at E=A o. In 
the anisotropic ase (Fig. 4), the square root singulari- 
ty is removed and Ns(E) differs from zero for energies 
exceeding the minimum of the gap. Due to the inter- 
layer pairing interaction, the gap anisotropy perpen- 
dicular to the layers is seen to affect the density of 
states between Amln and A~,,x. In particular, a pro- 
nounced peak appears at Amax, corresponding to a 
Van Hove singularity. 
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Fig. 5a and b. Tunneling conductance versus voltage for anisotropic 
tunneling according to (31) for specular and (33) for diffuse tunneling 
for Ao=0.0244; A1 =-0.0061 9 The other parameters are identical 
to those in Fig. 4. Solid line: tunneling parallel to the layers; dashed 
line: tunneling perpendicular to the layers9 a Specular tunneling, 
b diffuse tunneling9 The arrows mark Ami. and Am,x 
This behavior affects the tunneling current and 
the tunneling conductance. Assuming a constant tun- 
neling matrix element, the conductance is closely re- 
lated to the density of states (25), apart from a slight 
asymmetry between positive and negative voltages, 
coming from the e/E-term. Because this term turns 
out to be small, the tunneling conductance becomes 
indeed nearly proportional to the density of states 
shown in Figs. 3 and 4, provided the assumption of 
a constant unneling matrix element is justified. In 
any case, the removal of the standard BCS-square 
root singularity by the gap anisotropy (Fig. 4) indi- 
cates that the evaluation of the gap parameters from 
measured ata will be nontrivial, even for excellent 
samples and junctions. 
If we take anisotropy into account and make 
more realistic assumptions about the tunneling 
matrix element, the conductance depends ensitively 
on the orientation of the junction with respect o the 
crystal. Figure 5 depicts the conductance in the super- 
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conducting state normalized to that in the normal 
state values at zero temperature. Especially in the 
specular case (Fig. 5 a) we see striking differences be- 
tween tunneling parallel and perpendicular to the 
layers. They mainly stem from the exponential term 
in (31) favoring small wavevectors k r parallel to the 
junction or perpendicular to the tunneling current. 
Thus, for tunneling parallel to the layers, small wave- 
vectors perpendicular to the layers are preferred. As 
depicted in Fig. 5a, the energy range just above the 
minimum value of the gap is then favored. For tunnel- 
ing perpendicular to the layers, all k~-values contrib- 
ute, due to the small dispersion in the z-direction. 
Thus the full gap dispersion is probed, leading to a 
peak around the maximum value of the gap (cf. also 
Fig. 4). 
For diffuse tunneling (Fig. 5b) we see no striking 
differences in the normalized conductance for the two 
tunneling directions. Differences mainly come from 
the gradient term in (33). This causes no drastic varia- 
tion of the normalized quantity, even though the ab- 
solute values differ substantially due to the different 
dispersion parallel and perpendicular to the layers. 
The tunneling conductance nevertheless reflects the 
minimum and maximum gap. 
Due to difficulties in preparing perfect interfaces 
and defect-free junctions, it appears that diffuse tun- 
neling is closer to the current experimental situation 
[17, t8]. Thus, it is gratifying that diffuse tunneling 
reflects the gap anisotropy. Even if smearing of edges 
and peaks by finite temperature and depairing effects 
occur, it is clear that standard methods of determining 
the gap [15] must be reconsidered. 
Next we turn to the real part of the conductivity 
tensor (38), relevant o describe infrared absorption. 
For co > 2Amln, where absorption occurs, the relevant 
wavevectors are smaller than the inverse penetration 
depth, which is small compared to the inverse coher- 
ence length characteristic for the discussed supercon- 
ductor. 
In evaluating ~,B(q, co) (38), the Brillouin zone 
was covered by a grid of 256 x 256 x 256. Thus the 
smallest meaningful wavevector q has a magnitude 
of ~/128a or zc/128s, which is of the order of the 
inverse penetration depth. Even for these small wave- 
vectors, aa,~(q, co) exhibits a complicated q-depen- 
dence so that the evaluation of the reflectivity even 
for normal incidence becomes complicated. For this 
reason we consider o-~p(q, co) only. Figure 6a shows 
the frequency dependence of atyy and a~ for q 
=(~/128a, 0, 0) parallel to the layers, while at~x for 
q= 0, 0, zc/128s) perpendicular to the layers is de- 
picted in Fig. 6b. These elements of the conductivity 
tensor are relevant for infrared absorption. Moreover, 
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Fig. 6a and b. Real part of the conductivity ~rl~(q, co) (38) versus 
photon energy for p=89 Ao=0.0244, Al= 0.0061 (solid line) 
and A1-0 (dashed line), a q=(q~,0,0) parallel to the layers. 
h q = (0, 0, q~) perpendicular to the layers 
Most importantly, absorption is seen to set in for 
co> 2Ami, and there is a significant difference between 
the two orientations of q. This anisotropy stems from 
the small bandwidth ratio W• N . Thus alxx(q=, co) 
(Fig. 6b) exhibits BCS-type behavior in the isotropic 
case, similar to the density of states. These peaks are 
removed by gap anisotropy. In any case, infrared 
measurements yield information for Ami n only. 
Recently, removal of BCS-behavior, as depicted 
in Fig. 6b, has been observed in the far infrared con- 
ductivity, derived from the reflectivity of an epitaxial 
YBa2Cu307 thin film for radiation with the electric 
field parallel to the a, b-plane [19]. This experimental 
setup corresponds in our notation to q]lz, where an 
anisotropic gap leads to a peak structure as depicted 
in Fig. 6b and observed experimentally. Thus this ex- 
periment [-19] provides considerable evidence for an 
anisotropic gap originating from the interlayer pair- 
ing interaction. 
Finally we turn to the coherence length, as deter- 
mined from (40). The results listed in Table 3 reflect 
the strong anisotropy of the bandwidth ratio W• 
In particular, ~oz is found to be smaller than the sepa- 
ration of the layers and the ratio ~o~/~o~ is within 
the range of values estimated from the upper critical 
fields in the high-temperature superconductors. 
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Table 3. Numerical estimates of the coherence length ~ox and ~oz 
according to (41) for the parameters cited and the tight binding 
band given by (3) with C=0.1 






0 0.0244 0 7.6 0.39 0.05 
0.99 0.0244 --0.0061 7.9 0.47 0.06 
0 0.16 0 5.2 0.93 0.2 
0.8 0.155 0.005 5.1 1.07 0.2 
Table 4. Numerical estimates for A 0 and kBT~ for various band fill- 
ings and B=0.45, C=0.1 for go=l  and g1=0 as obtained from 
(11) and (14). Energies are in units of 0.153 eV 
p EF NN (0) A o k~ T~ 
2Ao 1 
kB r~ NN (0) go 
0.1 --2.03 0.48 0.130 0.068 3.8 2.08 
0.15 -- 1.94 0.58 0.150 0.080 3.69 1.72 
0.2 - 1.85 0.52 0.160 0.086 3.65 1.92 
0.25 -- 1.76 0.50 0.160 0.085 3.64 2 
0.3 -- 1.65 0.46 0.145 0.080 3.64 2.17 
0.35 - 1.53 0.34 0.123 0.068 3.61 2.94 
0.4 - 1.36 0.26 0.085 0.048 3.55 3.85 
0.45 -- 1.15 0.22 0.048 0.027 3.53 4.55 
0.5 -0.891 0.17 0.024 0.013 3.53 5.88 
Reduced band filling 
Up to now we have considered only the half-filled 
band, where p = 1/2. Next we reduce the filling by 
introducing excess holes of concentration x, so that 
p= 1/2-x. Thus, the Fermi energy (4) and in turn 
the superconducting properties will change. To ex- 
plore this variation, we solved (11) and (14) numeri- 
cally to estimate the gap A o and T~ for various fillings 
p. The results are summarized in Table 4, together 
with other quantities of interest. It is clearly seen that 
both Ao and T~ first increases as the filling is reduced, 
reaches a maximum value around p,~0.2 and then 
decrease for smaller fillings. This x-dependence of T~ 
is more clearly depicted in Fig. 7. Because the intra- 
layer pairing interaction has been kept fixed, and the 
density of states (Fig. 2) is seen to follow the same 
behavior, the variation of A o and T~ with x must be 
attributed to variation of the density of states close 
to the Fermi energy. From Table 4 it is also seen 
that the density of states can become so large that 
strong coupling sets in. In fact, the assumption of 
weak coupling would lead according to Fig. 8 to a 
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Fig. 7. T~ versus band filling p = 1/2--x for B = 0.45, C = 0.1, go = 1, 
g l=0.  x denotes the concentration of excess holes. Energies are 
given in units of 0.153 eV 
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Fig. 8. In (k~ T~) versus 1/(NN(0) go) for the data listed in Table 3 
kBT~. The appearance of strong coupling is also sig- 
naled by the ratio 2A o/k~ T~ which is seen to increase 
as the filling is reduced. 
To explore the influence of the interplanar pairing 
interaction for p = 1/4, we also varied g~ from -0.99 
to 0.99. The results are summarized in Table 5. In 
agreement with (18) and in analogy to the half-filled 
case (Table 1), T~ is practically independent of go for 
gt < Idol- The gap anisotropy, however, increases with 
gl and turns out to be larger for gl >0. 
To clarify the implications of strong coupling, we 
consider the p= 1/4 case in more detail. From the 
density of states shown in Fig. 2 it is seen that the 
Fermi energy lies very close to the singularity in the 
density of states. Thus, the assumption of a constant 
density of states near the Fermi energy fails and band 
structure effects are expected. For this purpose we 
consider go=l ,  g~=0 for the isotropic and go=l ,  
g~ = 0.8 for the anisotropic ase. Figure 9 a depicts the 
density of states for the isotropic case. The standard 
(a) 
Table 5. Numerical estimates for A o, A 1, and kBT~ for p = 1/4 and 
B=0.45, C=0.1 for go = 1 and various g~ values as obtained from 
(11) and (14). Energies are in units of 0.153 eV 
2Amin  2Amax "~ 
gl A0 A1 kBT~ k~T~ kBT~ 
--0.99 0.155 0.0023 0.0852 3.54 3.75 
--0.9 0.155 0.0022 0.0852 3.55 3.75 
--0.8 0.155 0.0019 0.0852 3.55 3.74 o 
-0.6 0.155 0.0016 0.0852 3.57 3.72 
.__ -0.4 0.155 0.0011 0.0852 3.59 3.69 
--0.2 0.155 0.0006 0.0852 3.61 3.67 
0.0 0.155 0.0000 0.0852 3.64 3.64 o 
0.2 0.155 - -0.0008 0.0853 3.6 3.68 
0.4 0.155 -0.0018 0.0853 3.55 3.72 c 
0.6 0.155 - -0.0031 0.0855 3.47 3.77 =o 
0.8 0.155 - -0 .0050 0.0855 3.37 3.84 
0.9 0.154 -0.0063 0.0864 3.28 3.86 
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Fig. 9. Density of states Ns(E) for p= 1/4. a go = 1, gl =0, A 0 =0.16, 
A 1=0; b g0=l, g1=0-8, Ao=0.155, A1=--0.005 
BCS-singularity is seen around the gap, while at 
higher energies band structure features appear. Figure 
9b shows the density of states in the anisotropic ase, 
the BCS-singularity is removed and new peak features 
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Fig. 10a and b. Tunneling conductance v rsus voltage for specular 
(31) and diffuse (33) tunneling for Ao=0.155 and A1 = --0.005. The 
other parameters are listed in Table 5. a Specular and b diffuse 
transmission. Solid line: tunneling parallel to the layers; dashed 
line: tunneling perpendicular to the layers. The arrows mark Ami. 
and Amax 
of the gap. In contrast o the half-filled case, however, 
the gap anisotropy becomes manifest in a rather nar- 
row energy interval because A 1 turns out to be much 
smaller. In fact, A o increases markedly with the con- 
centrat ion of excess holes (Table 4), while A 1 remains 
a small correction. 
In this view it is not surprising that the effects 
of an anisotropic gap on the conductance of specular 
and diffuse tunneling, shown in Fig. 10, are restricted 
to a rather small voltage interval. Nevertheless, the 
BCS-singularity is removed. Moreover, specular tun- 
neling is seen to be more sensitive to details in the 
band structure, as revealed by the second peak in 
Fig. 10a, reflecting the singularity in the density of 
states. 
Similarly, due to the small anisotropy, the real 
part of the conductivity (38) is not expected to exhibit 
pronounced anisotropy effects. In fact, comparison 
of Figs. 11 a and b clearly shows that for frequencies 
just above 2Ami,, the conductivity grows less abruptly 
in the anisotropic ase, because the BCS-type behav- 
ior is removed. 
Final ly we turn to the estimates of the coherence 
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Fig. 11. Real part of the conductivity al~,,(q, co) (38) versus photon 
energy for p = 1/4, A o = 0.155, A 1 = -- 0.005 (solid lines) and A 1 = 0 
(dashed line), a q=(qx, O, O) parallel to the layers, b q=(0, 0, q=) 
perpendicular to the layers 
listed in Table 3 it is apparent hat excess holes lead 
to a considerable reduction of the anisotropy. Never- 
theless, both ~ox/a and ~oz/S are still rather small and 
~o~ just reaches the spacing s between the layers. 
dicular to the layers as [gl[/go is increased, but re- 
mains nodeless. To obtain realistic T~ values go was 
fixed to go = A = 0.153 eV. By reducing the band filling 
p = 1 /2 -x  in terms of excess holes with concentration 
x, T~ was found to increase, reaching a maximum 
around x~0.3. This behavior was traced back to 
changes in the density of states (Table 4) at the Fermi 
energy and the appearance of strong coupling. The 
ratio of the coherence length ~o=/~ox (Table 3) was 
found to be consistent with the estimates for real sys- 
tems, obtained from upper critical field measure- 
ments. Thus the model appears to include the essen- 
tial features to describe the superconducting proper- 
ties of the X,,Ca, _ ~ Baz CuO 2 (, + ~) + m families. We also 
studied the tunneling conductance for specular and 
diffuse transmission, as well as the real part of the 
conductivity. Our results reveal that tunneling and 
infrared absorption experiments on homogeneous 
single crystals should allow an anisotropic gap per- 
pendicular to the layers to be characterized. In fact, 
gap anisotropy and the lack of a low energy cutoff 
invalidate standard BCS-behavior and give rise to 
novel features. 
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